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Abstract: If K/F is a finite abelian Galois extension of global fields whose
Galois group has exponent t, we prove that there exists a short exact sequence
0 −→ Dec(K/F ) −→ Brt(K/F ) −→ ⊕
q∈P
rqZ/Z −→ 0 where rq ∈ Q and P is
a finite set of primes of F that is empty if t is square free. In particular, we
obtain that if t is square free, then Dec(K/F ) = Brt(K/F ) which we use to show
that prime exponent division algebras over Henselian valued fields with global
residue fields are isomorphic to a tensor product of cyclic algebras. Finally, we
construct a counterexample to the result for higher exponent division algebras.
Introduction: For any field F , Br(F ) denotes the Brauer group of F and for
any positive integer n, Brn(F ) denotes the subgroup of Br(F ) whose elements
are the the F -central division algebras whose exponent divides n. If K/F is
any field extension of F , Br(K/F ) denotes the kernel of the restriction map
Br(F ) → Br(K), and Brn(K/F ) = Br(K/F ) ∩ Brn(F ). In addition the Dec
group of K/F denoted by Dec(K/F ) is the subgroup of Br(K/F ) generated by
∪Br(L/F ) where the union ranges over the cyclic subextensions L/F of K/F.
If F is a field containing a primitive nth root of unity ω and a, b ∈ F ∗.
Aω(a, b) will denote the symbol algebra over F with generators i, j satisfying
in = a, jn = b, ij = ωji. Furthermore, when there is no risk of confusion,
A−1(a, b) will be denoted by (a, b).
In addition assume that F contains a primitive nth root of unity with
n = exp(D), then it is also known that if l(D) denotes the minimum number of
symbols required to represent the Brauer class of D (recall that such an integer
exists by the Merkurjev-Suslin Theorem), then n(D) ≤ l(D). Also, numerous
examples of division algebras of prime exponent have been constructed by sev-
eral authors with n(D) < l(D), [see e.g., Ja, Sa, Ti3].Note that indecomposable
division algebras satisfy the inequality. At the heart of many of these examples,
1The results of this paper will be included in the Author PhD’s dissertation. The author
is very thankful to his advisor Dr. Morandi for his guidance. The author would also like to
thank his Mathematical grandfather Dr. A. Wadsworth for his suggestions on improving the
results of this paper.
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lies the obstruction between the relative Brauer group and the Dec group. The
aim of this paper is to study this obstruction for global fields. If K/F is a finite
abelian Galois extension of global fields whose Galois group has exponent t, we
define what is called a bad prime of F, then prove that there exists a short exact
sequence 0 −→ Dec(K/F ) −→ Brt(K/F ) −→ ⊕
bad q′s
cq
dq
Z/Z −→ 0 where cq and
dq are positive integers with cq|dq. Observing that F has no bad primes when
t is square free, we deduce that Dec(K/F ) = Brt(K/F ) whenever t is square
free. Note that the special case (t = 2) of this result was proved using quadratic
form theory [ELTW, Corollary 3.18]. We use this result to show that if L is
a Henselian valued field containing a primitive pth root of unity whose residue
field is a global field, then any exponent p division algebra over L is isomorphic
to a tensor product of degree p symbol algebras. The last part of this paper is
devoted to constructing a counterexample that shows that non square free expo-
nent division algebras over the class of fields studied may not be isomorphic to
a product of symbol algebras. In fact, we construct an example of an exponent
4 division algebra over Q(i)((x))((y)) that is not isomorphic to a product of
symbol algebras of exponent dividing 4.
If F is a global field, P a prime of F and D is an F -algebra rFP /F (D) +
D ⊗F FP will be denoted by DP .
1 The Dec group of finite abelian Galois exten-
sions over global fields
We start this section by the following easy lemma.
Lemma 1.1. Let K/F a finite abelian Galois extension with galois group G. If
t denotes the exponent of G, then Dec(K/F ) ⊆ Brt(K/F )
Proof. Since Dec(K/F ) is generated by the relative Brauer groups Br(L/F )
where L/F runs over cyclic subextensions of K/F, it is enough to show that
Br(L/F ) ⊆ Brt(K/F ) for every L/F cyclic subextensions of K/F. Note that for
any such cyclic extension L/F, as G(L/F ) is a quotient group of G, then [L :
F ] = |G(L/F )| = exp(G(L/F )) divides exp(G) = t. Therefore if D ∈ Br(L/F ),
then exp(D) divides Ind(D) which divides [L : F ], hence exp(D) divides t. Thus
for every cyclic subextension L/F of K/F, Br(L/F ) ⊆ Brt(K/F ), therefore
Dec(K/F ) ⊆ Brt(K/F ).
For local fields, the inclusion above is an equality as we now show.
Proposition 1.2. Let F = R,C, or a local field, K/F a finite abelian Galois
extension whose Galois group has exponent s. Then Dec(K/F ) = Brs(K/F ).
Proof. We only need to prove that Brs(K/F ) ⊆ Dec(K/F ). If F = R or C, then
K = R or C, and in either case the inclusion is obvious. Suppose that F is a
local field and let D ∈ Brs(K/F ). Note that there exists a cyclic subextension
L/F of K/F of degree s (for example, if G(K/F ) = Zs × Zt2 × ... × Ztm , take
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L = F(Zt2 × ...× Ztm)). Therefore Ind(D) = exp(D) divides t = [L : F ], hence
by [Re, Corollary 31.10], D ∈ Br(L/F ) ⊆ Dec(K/F ), thus D ∈ Dec(K/F ) as
needed.
Lemma 1.3. Let F a global field, P a non-archimedian prime of F , 0 ≤ r ≤ n,
and let L/F be a cyclic extension such that [LP : FP ] = n. If σ denotes a
generator for G(LP /FP ), then there exists b ∈ FP so that InvP ((LP /FP , σ, b)) =
r
n + Z.
Proof. Recall (see, e.g., [Re,]) that InvP : Br(FP ) → Q/Z is an isomorphism,
therefore there exists A ∈ Br(F ) so that InvP (A) = rn+Z. But this implies that
InvP (A
n) = Z, therefore An ∼ 1, hence Ind(A) = exp(A) divides n = [LP : FP ].
Thus A ∈ Br(LP /FP ), and by [Dr, Theorem 1 pp.71], there exists b ∈ FP so
that A ∼ (LP /FP , σ, b), therefore InvP ((LP /FP , σ, b)) = InvP (A) = rn +Z.
We set up the notations for the remaining of this section. F is a global field
and K/F is a finite abelian Galois extension with Galois group G of exponent
t. For any prime q of F , G
K/F
q denotes the local Galois group G(Kq/Fq) which
we will simply denote by Gq when there is no risk of consfusion. Also denote by
cq the exponent of Gq and dq := gcd(t, |Gq|). Note that as Gq is isomorphic to
a subgroup of G, then exp(Gq) divides exp(G), but also exp(Gq) divides |Gq|,
hence cq divides dq. We call a prime q bad if cq < dq.
Remark 1.4. If q is a bad prime of F, then Gq is not cyclic, therefore q is
ramified because if q is unramified, then Gq ∼= G(K/F ) which is cyclic. But
since there are only finitely many ramified primes, it follows that there are only
finitely many bad primes.
We need the following group theoretic results in Proposition 1.7 below.
Proposition 1.5. Let G a finite abelian group of exponent t. Then there exist
an integer n ≥ 1, a family {Hi}ni=1 of cyclic subgroups of G of order t, and a
subgroup D of G such that G/D is cyclic of order t satisfying H1 ·H2 · · ·Hn = G
and Hi ·D = G for all i.
Proof. Write G = Zt×Zt2× ...×Ztn with ti|t for all i and set D = Zt2× ...×Ztn ,
then G/D is cyclic of order t. Let σ, σ2, ..., σn be the generators of Zt,Zt2 , ...,Ztn
respectively. For each i = 2, ..., n, set Hi = 〈σσ−1i 〉 and H1 = Zt.To see that all
the required properties are satisfied, first let H = H1 · H2 · · ·Hn, then H is a
subgroup of G containing σ and σσ−1i for all i, hence H contains σ and σi for
all i, therefore H = G. In addition, it is clear that H1 · D = G, and for each
i > 2, Hi ·D contains σσ−1i and σj for all j > 2, thus Hi ·D contains σ and σj
for all j > 2, therefore Hi ·D = G for all i.
Dualizing the previous Proposition, we get:
Corollary 1.6. Let G a finite abelian group of exponent t. Then there exist
an integer n ≥ 1, a family {Hi}ni=1 of subgroups of G with G/Hi cyclic of
order t for each i, and there exists a cyclic subgroup D of G of order t satisfying
H1 ∩H2 ∩ · · · ∩Hn = (1) and Hi ∩D = (1) for all i.
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Proof. Since G ∼= Ĝ(:= HomZ(G,Q/Z)), it is enough to prove the result for Ĝ.
A way to justify the previous isomorphism is to observe that the isomorphism is
trivial for cyclic groups, and appeal to the fundamental theorem of finite abelian
groups together with the fact that HomZ(−,Q/Z) preserves direct products.
Now note that G has subgroups {Hi}ni=1 and D as in Proposition 1.5. For
each i = 1, ..., n, set Ki = H
⊥
i and D
′ = D⊥ (recall that if H is a subgroup
of G, then H⊥ := {f : G → Q/Z;H ⊆ ker f} is a subgroup of Ĝ). On the
other hand, for each i, Ĝ/H⊥i
∼= Ĥi ∼= Hi, so for each i, Ĝ/Ki is cyclic of
order t. In addition, for each i, D⊥ ∩ H⊥i = (D · Hi)⊥ = G⊥ = (1), and
n⋂
i=1
H⊥i = (H1 ·H2 · · ·Hn)⊥ = G⊥ = (1), therefore
n⋂
i=1
Ki = (1) andKi∩D′ = (1)
for each i as needed.
Corollary 1.6 and the Tchebotarev Density Theorem now yield:
Proposition 1.7. Let F a global field and K/F a finite abelian Galois exten-
sion with Galois group G of exponent t. Then there exists cyclic subextensions
{Li/F}ni=1 of K/F of degree t so that K = L1...Ln and there exists infinitely
many P of F so that [LiP : FP ] = t for all i.
Proof. G has subgroups {Hi}ni=1 and D as in Corollary 1.6. For each i let Li =
F(Hi), then G(Li/F ) ∼= G/Hi, therefore Li/F is cyclic of degree t. On the other
hand, G(K/(L1...Ln)) ⊆ G(K/Li) = Hi for all i, therefore G(K/(L1...Ln)) ⊆
n∩
i=1
Hi = (1), hence G(K/(L1...Ln)) = (1), thus K = L1...Ln. Let σ be a gener-
ator of D, by the Tchebotarev Density Theorem [Pi, p363], there are infinitely
many primes P of F so that G
K/F
P = 〈σ〉. For each of these primes P,and
each i, G
K/Li
P = (G
K/F
P ) ∩ Hi = D ∩ Hi = (1) by Corollary 1.6,therefore
for each i, [KP : LiP ] = |GK/LiP | = 1. In addition, as σ has order t, then
t = [KP : FP ] = [KP : LiP ][LiP : FP ] = [LiP : FP ], thus [LiP : FP ] = t for all i
as needed.
From now and for the rest of this section F will be a global field, K/F a finite
abelian Galois extension with cyclic subextensions {Li/F}ni=1 as in Proposition
1.7.
Remark 1.8. Let G be a finite abelian group, {Hi}ni=1 subgroups of G with
n∩
i=1
Hi = (1) and G/Hi cyclic for each i. Then exp(G) = lcm{|G/Hi|}. To see
this, note that since
n∩
i=1
Hi = (1), then Ĝ = 〈H⊥i 〉, hence exp(G) = exp(Ĝ) =
lcm{exp(H⊥i )} = lcm{|G/Hi|}. The last equality holds because for each i,
G/Hi ∼= H⊥i and G/Hi is cyclic.
In particular if q is a prime of F and Gq = G(Kq/Fq), let Hi = G(Kq/Liq)
for each i, then Gq/Hi ∼= G(Liq/Fq) and Gq/Hi is cyclic for each i. As K =
L1...Ln, then Kq = L1q...Lnq, hence
n∩
i=1
Hi = (1). Therefore, by the above
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cq := exp(Gq) = lcm{|Gq/Hi|} = lcm{[Liq : Fq]}. Thus for each prime q,
cq = lcm{[Liq : Fq]}.
Remark 1.9. IfK = L1...Ln as in Proposition 1.7, then Dec(K/F ) = 〈Br(Li/F ) :
i = 1, ...n〉. To see this, note that in [Ti1, Lemme 1.3] all that is needed for the
argument is that the χi generate the character group χ(K/F ), and this is equiv-
alent to the Li generating K as fields which is our assumption.
Example 1.10. An example of a finite abelian Galois extension with a bad
prime. Consider F = Q(i), K = F (
√
5, 4
√
14) and q an extension of the 5 adic
valuation v5 on Q to F. We claim that G ∼= Z4 × Z2 and Gq ∼= Z2 × Z2, and
this would imply that q is a bad prime of F (cq = 2 < 4 = dq). Using the fact
that 7 is prime in Z[i], and the Eisenstein Criterion, one sees that x4 − 14 is
irreducible over F, so [F ( 4
√
14) : F ] = 4 . It is also easy to see that
√
5 /∈ F ( 4√14)
(this is true just because
√
5 /∈ Q( 4√14) ), thus |G| = [K : F ] = 8, in addition
since K is the composite of F ( 4
√
14) and F (
√
5) which are linearly disjoint over
F, then G := G(K/F ) = G(F ( 4√14)/F ) ⊕ G(F (√5)/F ), hence G ∼= Z4 × Z2.
It remains to see that Gq ∼= Z2 × Z2. First we have Kq = Fq(
√
5, 4
√
14), and
we assert that Fq(
4
√
14) = Fq(
√
2). To see the last assertion, note first that
as v5 has two extensions to F (5 ≡ 1(mod4)), then F = Z5; in addition let
L = F ( 4
√
14), then L = F (
4
√
14) = Z5(
4
√
2
2
) = Z5(
√
2), hence as Lq/Fq is
unramified, [Lq : Fq] = [Lq : Fq] = [L : F ] = [Z5(
√
2) : Z5] = 2. On the other
hand, as Lq = L = Z5(
√
2), then x2 − 2 has a root in Lq, therefore by the
Hensel Lemma,
√
2 ∈ Lq = Fq( 4
√
14), hence Fq(
√
2) ⊆ Fq( 4
√
14) and by degree
count Fq(
√
2) = Fq(
4
√
14) as claimed. Finally we have Kq = Fq(
√
5, 4
√
14) =
Fq(
√
5,
√
2). We show that [Kq : Fq] = 4. Note that
√
2 ∈ Kq, so [Kq : Fq]
>[Fq(
√
2) : FP ]=[Z5(
√
2) : Z5]= 2. In addition
1
2 + Z ∈ ΓKq/ΓFq (being the
coset of the value of
√
5), then [ΓKq : ΓFq ] ≥ 2. Therefore by the fundamental
inequality, [Kq : Fq] ≥[Kq : Fq][ΓKq : ΓFq ] ≥ 4, but since Kq = Fq(
√
5,
√
2),
then [Kq : Fq] ≤ 4, thus [Kq : Fq] = 4 as claimed, thus Gq ∼= Z2 × Z2.
The following result is key to the proof of the main result.
Proposition 1.11. Let D ∈ Br(F ), then D ∈ Dec(K/F ) if and only if DP ∈
Dec(KP /FP ) for all primes P of F .
Proof. It is obvious that D ∈ Dec(K/F ) implies DP ∈ Dec(KP /FP ) for all
primes P of F .
Conversely, supposeDP ∈ Dec(KP /FP ) for all primes P of F . Recall that by
Proposition 1.7, there exists cyclic subextensions {Li/F}ni=1 of K/F of degree
t so that K = L1...Ln and there exists infinitely many P of F so that [LiP :
FP ] = t for all i. Recall also that there is a well-known short exact sequence [see
for example Re, 32.13]:
0 −→ Br(F ) ⊕rFP /F−→ ⊕
P
Br(FP )
⊕ InvFP−→ Q/Z −→ 0 (S)
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Let {P1, ..., Pm} be the support of D. By assumption, DPj ∈ Dec(KPj/FPj )
for all j = 1, ...,m. Since for each j, KPj = L1Pj ...LnPj , then by Remark ?? and
[Dr, Th. 1 pp.73], for each j, there exist b1j, ..., bnj ∈ F ∗Pj such that
DPj ∼
n⊗
i=1
(LiPj/FPj , σij , bij). (1)
For each i = 1, ..., n and j = 1, ...,m, write InvPj [(LiPj/FPj , σij , bij)] =
tij
sij
+ Z
with gcd(tij , sij) = 1. Then exp[(LiPj/FPj , σij , bij)] = sij for all i, j. But as
[LiPj : FPj ] divides t for all i, j, then (LiPj/FPj , σij , bij)
⊗t ∼ 1 for all i, j; thus sij
divides t for all i, j. Therefore, for each i = 1, ..., n, there exists 0 ≤ ti < t so that
m∑
j=1
InvPj [(LiPj/FPj , σij , bij)] =
ti
t +Z. For each i = 1, ..., n, set ri = t− ti. Then
by Proposition 1.7 there exists a non-Archimedean prime P∗ /∈ {P1, ..., Pm} so
that [LiP∗ : FP∗ ] = t for each i = 1, ..., n. Then by Lemma 1.3, there exists b
∗
i ∈
FP∗ so that InvP∗ [(LiP∗/FP∗ , σi, b
∗
i )] =
ri
t + Z. Therefore, for each i = 1, ..., n,
the element of ⊕
P
Br(FP ) whose Pj coordinate is (LiPj/FPj , σij , bij) (j = 1, ...m),
the P ′∗s coordinate is (LiP∗/FP∗ , σi, b
∗
i ), and the P
′s coordinate is FP for P /∈
{P1, ..., Pm, P∗} is in the kernel of the map ⊕ InvFP . Hence by exactness of (S),
there exists Ai ∈ Br(F ) so that :
AiPj ∼ (LiPj/FPj , σij , bij) j = 1, ...,m
AiP∗ ∼ (LiP∗/FP∗ , σi, b∗i ) (2)
AiP ∼ 1 for P /∈ {P1, ..., Pm, P∗}
We will complete the proof by the following two claims:
Claim 1: D ∼ n⊗
i=1
Ai
We need to see that DP ∼
n⊗
i=1
AiP for all primes P. This holds trivially
for primes P /∈ {P1, ..., Pm, P∗} and easily for primes P ∈ {P1, ..., Pm} using
the relations (1) and (2). On the other hand, (
n⊗
i=1
Ai) ⊗Dop has invariants Z
everywhere except possibly at P∗, but as (
n⊗
i=1
Ai)⊗Dop ∈ Br(F ), the exactness
of the sequence (S) implies that the sum of all the invariants of (
n⊗
i=1
Ai)⊗Dop
is Z, hence its invariant at P∗ must also be Z. Therefore (
n⊗
i=1
Ai) ⊗ Dop ∼ 1,
and Claim 1 follows.
Claim 2: Ai ∈ Br(Li/F ) for each i = 1, ..., n.
Again, we just need to prove this locally at each prime of F . Let i = 1, ..., n
and P a prime of F ; if P = Pj ∈ {P1, ..., Pm}, then AiPj ∼ (LiPj/FPj , σij , bij),
therefore AiPj ∈ Br(LiPj/FPj ). If P = P∗, then AiP∗ ∼ (LiP∗/FP∗ , σi, b∗i ), so
AiP∗ ∈ Br(LiP∗/FP∗). If P /∈ {P1, ..., Pm, P∗}, then AiP ∼ 1 and the result
holds trivially.
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Remark 1.12. LetD ∈ Brt(K/F ), then for any prime q of F, Dq ∈ Brt(Kq/Fq).
Write Invq(Dq) =
r
s +Z with gcd(r, s) = 1, then Ind(Dq) = exp(Dq) = s, there-
fore s divides t and [Kq : Fq], hence s divides dq. Therefore D ∈ Brt(K/F )
implies for each prime q of F , Invq(Dq) =
r
s + Z =
r′
dq
+ Z ∈ 1dqZ/Z. On
the other hand if D ∈ Dec(K/F ), then Dq ∈ Dec(Kq/Fq) for all primes q
of F. But since Kq = L1q · · ·Lnq, then by Remark ?? Dq ∼ A1 ⊗ · · · ⊗ An
with Ai ∈ Br(Liq/Fq) for each i. Hence for each i, exp(Ai) = Ind(Ai) divides
[Liq : Fq], thus for each prime q, exp(Dq) divides lcm(exp(Ai)) which divides
lcm[Liq : Fq] = cq [Remark 1.8]. But as Invq(Dq) =
nq
exp(Dq)
+Z for some integer
nq, it follows that for each prime q, Invq(Dq) =
n′q
cq
+ Z for some integer n′q.
Therefore D ∈ Dec(K/F ) implies for each prime q of F , Invq(Dq) ∈ 1cqZ/Z.
The following is the main result of this paper.
Theorem 1.13. Let K/F a finite abelian Galois extension of global fields whose
Galois group G := G(K/F ) has exponent t. Then there is a short exact sequence
0 −→ Dec(K/F ) f−→ Brt(K/F ) g−→ ⊕
bad q′s
cq
dq
Z/Z −→ 0
where f is the inclusion map [Lemma 1.1].
Proof. By Remark 1.12, there is a group homomorphism ϕ : Brt(K/F ) −→
⊕
bad q′s
1
dq
Z/Z defined by ϕ([D]) = {Invq(Dq)}bad q′s and the restriction φ of
ϕ to Dec(K/F ) is a group homomorphism Dec(K/F ) −→ ⊕
bad q′s
1
cq
Z/Z. Let
K =kerϕ. We assert that K ⊆ Dec(K/F ). To see this, let D ∈ K, then D ∈
Brt(K/F ) and Invq(Dq) = Z for each bad prime q. So for each bad prime q,
Dq ∼ 1. But on the other hand since D ∈ Brt(K/F ), then for each prime q,
Dq ∈ Brt(Kq/Fq). Two cases can be considered:
Case 1: If q is a bad prime, then Dq ∼ 1 ∈ Dec(Kq/Fq).
Case 2: If q is not a bad prime, then as Dq ∈ Brt(Kq/Fq), then exp(Dq) =
Ind(Dq) divides dq, hence Dq ∈ Brdq(Kq/Fq) = Brcq(Kq/Fq) = Dec(Kq/Fq).
The last equality is Proposition 1.2, therefore Dq ∈ Dec(Kq/Fq) for all primes
q of F, hence by Proposition 1.11, D ∈ Dec(K/F ). We obtain the following
commutative diagram where the vertical arrows are inclusion maps.
0→ K −→ Dec(K/F ) φ−→ ⊕
bad q′s
1
cq
Z/Z → 0
|| ↓ α ↓ β
0→ K −→ Brt(K/F ) ϕ−→ ⊕
bad q′s
1
dq
Z/Z → 0
We show that the rows of the diagram are short exact sequences. But the
only thing to show is that the maps ϕ and φ are surjective. Let (rq)bad q′s ∈
⊕
bad q′s
1
dq
Z/Z, then for each bad prime q, rq =
tq
dq
+Z for some integer tq. Recall
that by Remark 1.4, there are only finitely many bad primes, let d = lcm{dq : q
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bad prime}. On the other hand, by Proposition 1.7, there exists a prime P of
F that is not bad so that [LiP : FP ] = t for all i = 1, ..., n. In addition, there
exists, D ∈ Br(F ) with:
Invq(Dq) =
tq
dq
+ Z for each bad prime q
InvP (DP ) =
n′
d
+ Z
Invq(Dq) = Z for q /∈ {bad primes, P}
where n′ = −d
∑
bad q′s
tq
dq
.
Claim: D ∈ Brt(K/F ) and ϕ([D]) = (rq).
Note that for each bad prime q, dq divides t, therefore d divides t. Also for
each prime q (bad or not), o(Invq(Dq)) divides d (where o(Invq(Dq)) denotes
the order of Invq(Dq) in Q/Z), so lcm{o(Invq(Dq)) : q ∈ {bad primes, P}}
divides d, hence as exp(D) = lcm{o(Invq(Dq)) : q ∈ {bad primes, P}}, then
exp(D) divides d, thus exp(D) divides t. It remains to show that D ∈ Br(K/F ),
or equivalently Dq ∈ Br(Kq/Fq) for all primes q of F which we now show by
considering the following cases.
Case 1: If q is a bad prime, Ind(Dq) = o(Invq(Dq)) divides dq and dq divides
|Gq| = [Kq : Fq], thus Dq ∈ Br(Kq/Fq).
Case 2: If q = P, then Ind(DP ) = o(InvP (DP )) divides d and d divides
t = [L1P : FP ], so t divides [Kq : Fq], thus Ind(DP ) divides [Kq : Fq], hence
Dq ∈ Br(Kq/Fq).
Case 3: If q /∈ {bad primes, P}, then Dq ∼ 1, hence Dq ∈ Br(Kq/Fq).
Therefore D ∈ Brt(K/F ), and clearly by construction of D, ϕ([D]) =
(rq)bad q′s.
We show that φ is also surjective. Let (rq)bad q′s ∈ ⊕
bad q′s
1
cq
Z/Z. Then for
each bad prime q, rq =
tq
cq
+ Z for some integer tq. Recall that by Remark 1.4,
there are only finitely many bad primes, let c = lcm{cq : q bad prime}. Note
that as cq|dq for each q, then c|d and from the above d|t, it follows that c|t. On
the other hand, by Proposition 1.7, there exists a prime P of F that is not bad
so that [LiP : FP ] = t for all i = 1, ..., n. In addition, there exists, D ∈ Br(F )
with
Invq(Dq) =
tq
cq
+ Z for each bad prime q
InvP (DP ) =
m′
c
+ Z
Invq(Dq) = Z for q /∈ {bad primes, P}
where m′ = −c
∑
bad q′s
tq
cq
.
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Claim: D ∈ Dec(K/F ) and φ([D]) = (rq)bad q′s.
To show that D ∈ Dec(K/F ), it is enough by Proposition 1.11 to show that
Dq ∈ Dec(Kq/Fq) for all primes q of F which we now show again by considering
few cases:
Case 1: If q is a bad prime, Ind(Dq) = o(Invq(Dq)) divides cq and cq
divides |Gq| = [Kq : Fq], thus by [Re, Corollary 31.10], Dq ∈ Brcq (Kq/Fq) =
Dec(Kq/Fq). The last equality follows from Proposition 1.2.
Case 2: If q = P, then Ind(DP ) = o(InvP (DP )) divides c and c divides
t = [L1P : FP ], so t divides [Kq : Fq] = |Gq| (so dq = cq = t). Thus Ind(DP )
divides [Kq : Fq], hence Dq ∈ Brcq (Kq/Fq) = Dec(Kq/Fq) again by Proposition
1.2.
Case 3: If q /∈ {bad primes, P}, then Dq ∼ 1, hence Dq ∈ Dec(Kq/Fq).
Therefore D ∈ Dec(K/F ), and clearly by construction of D, φ([D]) =
(rq)bad q′s.
By the Snake Lemma,
Brt(K/F )/Dec(K/F ) ∼= ( ⊕
bad q′s
1
dq
Z/Z)/( ⊕
bad q′s
1
cq
Z/Z) ∼= ⊕
bad q′s
cq
dq
Z/Z
which completes the proof of the Theorem.
Corollary 1.14. Let K/F be a finite abelian Galois extension of global fields
whose Galois group has a square free exponent t
Then Dec(K/F ) = Brt(K/F )
Proof. Suppose that t is square free. Let q a prime of F, and prime number
p dividing dq, then p divides |Gq|, thus Gq has a subgroup H of order p, thus
p=expH divides exp(Gq) = cq. So cq and dq have the same prime factors, but
as t is square free, so are cq and dq, thus cq = dq. Therefore F has no bad
primes, and by the exactness of the sequence of Theorem 1.13, Dec(K/F ) =
Brt(K/F ).
2 Division algebras over Henselian valued field
with residue a local or global field
In this section, we show that if F is a Henselian valued field containing a primi-
tive pth root of unity so that F is either a local or a global field and Char(F ) 6= p,
every prime exponent division algebra over F is isomorphic to a product of sym-
bol algebras. We also construct an example to show that the result does not
generalize to higher exponent algebras. In this section, we will use the ter-
minologies inertial, NSR (nicely semiramified), TR (totally ramified) division
algebras whose definitions and related results can be found in [JW, sections 1
and 4]. We will also use the terminologies of gauges and armatures. A good
reference for gauges in [TW1] and a good reference for armatures is [TW2].
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Proposition 2.1. Let F be a Henselian valued field containing a primitive pth
root of unity such that F is either a local or a global field with Char(F ) 6= p.
Then for each D ∈ Brp(F ), Ind(D) = pl(D), or equivalently any prime exponent
division algebra is isomorphic to a tensor product of symbol algebras of degree
the same prime.
Proof. We will prove that D is isomorphic to a product of symbols. By [Ja,
Lemma 3.4], D can be decomposed as D ∼ I ⊗ N ⊗ T where I is inertial, N
is an NSR algebra, T is TR with ΓN ∩ ΓT = ΓF and exp(I), exp(N), exp(T )
divides p. Let S ∼ I ⊗ N, the underlying division algebra of I ⊗ N. Then by
[Mo, Theorem 1], since ΓS ∩ ΓT = ΓF , S ⊗F T is a division algebra and T
is defectless over F , then D ∼= S ⊗ T. Since T is a product of symbols [Dr2,
Thm1], it is enough to prove that S is a product of symbols. As the only
prime exponent algebras over number/local fields are either split or symbols,
we get by [JW, Proposition 2.8] l(I) = l(I) = 0, 1. If I ∼ 0, then S is NSR and
therefore by [JW, Proposition 4.4], is a product of symbols. If I is a symbol,
then as ind(S) = ind(IN ) ind(N) [JW, Theorem 5.15], then ind(IN ) divides p.
Two cases are then to be considered. If ind(IN ) = 1, then I ∈ Brp(N/F ) =
Dec(N/F ), the last equality is Corollary 1.14;hence I ∈ Dec(N/F ), therefore
by [JW, Theorem 5.15], S is NSR. Finally if ind(IN ) = p, then by the formula
ind(S)=ind(IN )ind(N), [S : F ] = [I ⊗ N : F ], thus S ∼= I ⊗ N, therefore S is
a product of symbols. Consequently, D is isomorphic to a product of symbols,
and it follows that ind(D) = pl(D).
Remark 2.2. The class of fields of Proposition 2.1 is the best class for which the
result holds in the following sense. Number fields have transcendence degree 0
over Q, and in [ART], there is an example of an indecomposible division algebra
of index 8 over a Henselian valued field L with L = Q(t), so by [Ti2,Thm1], its
length is 4. Proposition 2.1 is false in general for algebra of non prime exponent
as we now show.We start by the following lemma which computes the value
group of a tensor product of symbol algebras.
Lemma 2.3. Let A := ⊗mk=1Aω(ak, bk) a division algebra product of symbol
algebras of degree n over a Henselian field (F, v) such that char(F ) ∤ n. If ik, jk
denote the standard generators of Aω(ak, bk), then ΓA/ΓF = 〈v(ik)+ΓF , v(jk)+
ΓF : k = 1, . . . ,m〉.
Proof. Consider the canonical armatureA = 〈{ikF ∗, jkF ∗ : k = 1, . . . ,m}〉 ⊆A∗/F ∗.
Then the valuation v induces a group homomorphism v˜ : A →ΓA/ΓF defined
by v˜(cF ∗) = v(c) + ΓF . For each a ∈ A, choose in A exactly one representative
xa of the coset a; then (xa)a∈A is a F -basis for A. Define y : A→△∪ {∞} by
y(
∑
a∈A λaxa) = mina∈A
(v(λaxa)). Then y is an F -gauge [TW, Proposition 4.7],
and ΓA,y = Im(v˜). But since y is an F -gauge, by [TW, Corollary 3.4], y = v,
thus ΓA,v = Im(v˜) = ΓA/ΓF = 〈v(ik) + ΓF , v(jk) + ΓF : k = 1, . . . ,m〉 as
needed.
In all that follows, because of using i as a generator of a symbol, we will
denote by ξ the primitive 4th root of unity i in C
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Proposition 2.4. Let k = Q(ξ) and L = k(
√
5,
√
13).Then the factor group
Br4(L/k)/Dec(L/k) is a non cyclic abelian group of exponent 2.
Proof. Note since L is biquadratic, by [Ti2,Thm1], Dec(L/k) = Br2(L/k).
Therefore it is obvious that Br4(L/k)/Dec(L/k) is an Abelian group of ex-
ponent 2. To show that Br4(L/k)/Dec(L/k) is non cyclic, it is enough to
show that it contains more than two elements which we now proceed to do.
More precisely, we will prove the existence of A,B ∈ Br4(L/k)\Dec(L/k) with
A ≁ B modDec(L/k). Note that since 5 ≡ 1(mod 4) the prime 5 of Q splits
into two primes P1, P2 of k, and similarly 13 splits into two primes P3, P4 of
k so that [LPj : kPj ] = 4 for j = 1, 2, 3, 4. To see that these degrees are
all 4, let’s simplify the notation and denote P1 by P. Then
√
13 ∈ LP , so
[LP : kP ] > [kP (
√
13) : kP ] = [Z5(
√
13) : Z5] = 2. In addition
1
2 +Z ∈ ΓLP /ΓkP
(being the coset of the value of
√
5), then [ΓLP : ΓkP ] ≥ 2. Therefore by the
fundamental inequality, [LP : kP ] ≥ [LP : kP ][ΓLP : ΓkP ] ≥ 4, but since
LP = kP (
√
5,
√
13), then[LP : kP ] ≤ 4, thus [LP : kP ] = 4 as claimed. The
proof for P2 is identical to the one for P1, and the proofs for P3 and P4 are
similar. Now consider A,B ∈ Br(k) with local invariants given in the table
below
P1 P2 P3 P4 all other primes
A 14 + Z
1
4 + Z
1
4 + Z
1
4 + Z Z
B 14 + Z
1
4 + Z
1
2 + Z Z Z
Therefore, ind(A) = ind(B) = exp(A) = exp(B) = 4, hence as Dec(L/k) =
Br2(L/k) and [LPj : kPj ] = 4 j = 1, 2, 3, 4, then A,B ∈ Br4(L/k)\Dec(L/k).Finally,
we assert that A ≁ B modDec(L/k), for otherwise there exists D′ ∈ Dec(L/k)
with A ∼ B⊗D′. But this would imply that D′ has local invariants 34+ Z at P3,
1
4 +Z at P4 and Z at all other primes, which forces D
′ to have index 4.But since
ind(D′) = exp(D′), D′ would have exponent 4, which contradicts the fact that
D′ ∈ Dec(L/k) = Br2(L/k). Therefore, A ≁ B modDec(L/k) as claimed.
Corollary 2.5. There exists D1 ∈ Br4(L/k) with exp(D1) = 4 for which there
does not exist D0 ∈ Dec(L/k) with D1 ∼ Aξ(13, 5)⊗D0.
Proof. At least one of the algebras A and B of the Proof of Proposition 2.4 will
do as they couldn’t both be congruent to Aξ(13, 5) mod Dec(L/k).
For what follows, D1 will denote the algebra from Corollary 2.5 and F =
k((x))((y)) the field of Laurent series equipped with the usual Henselian valua-
tion v so that ΓF = Z×Z and F = k. Let I the inertial lift of D1 over F ; and D
the underlying division algebra of I⊗FN withN denoting the NSR division alge-
bra (5, x)⊗F (13, y). Then ΓN = 12Z× 12Z and N = L. Note that by [JW, Propo-
sition 5.15] and the definition of D1 (See Corollary 2.5). I is split by N = L ∼= D
(so D is semiramified), ΓD = ΓN =
1
2Z × 12Z and ind(D) = ind(N) = 4. In
addition there is a group isomorphism I Br(F ) −→ Br(k) sending I to D1 [JW,
Theorem 2.8]; therefore, exp(I) = exp(D1) = 4. Since ind(D) = 4, then exp(D)
is 2 or 4, but since exp(I) = 4 and exp(N) = 2, then exp(D) = 4.
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Theorem 2.6. The division algebra D above has exponent 4 and is not isomor-
phic to a product of symbol algebras.
Proof. If D is isomorphic to a product of symbol algebras, then as Ind(D) =
exp(D) = 4, then D is isomorphic to a single symbol division algebra Aξ(t, s)
of degree 4. We let i, j be the standard generators. First, we show that if D ∼=
Aξ(t, s), then D ∼= Aξ(ax2, by2) for some v-units a, b with a, b /∈ F ∗2. Note that
{(0, 0), (0, 1
2
), (
1
2
, 0), (
1
2
,
1
2
)} ∼= (1
2
Z× 1
2
Z)/(Z× Z) ∼= ΓD/ΓF
Since by Lemma 2.3 ΓD/ΓF = 〈v(i) + ΓF , v(j) + ΓF 〉 and ΓD/ΓF is not cyclic,
then v(i) + ΓF 6= v(j) + ΓF . In addition, as Aξ(t, s) ∼= Aξ(s, t−1) ∼= Aξ(t,−ts),
we can assume v(i) + ΓF = (
1
2 , 0) + ΓF and v(j) + ΓF = (0,
1
2 ) + ΓF . Thus,
there is γ ∈ ΓF so that v(i) = (12 , 0) + γ, hence v(t) = (2, 0) + 4γ = v(x2) + 4γ.
Therefore, there exists δ, a ∈ F with a unit so that t = aδ4x2; and similarly,
there exists ǫ, b ∈ F with b unit so that t = bǫ4y2. Thus D ∼= Aξ(t, s) =
Aξ(aδ
4x2, bǫ4y2) ∼= Aξ(ax2, by2) as claimed. In addition, if either a or b was a
square in F
∗
, then by Hensel’s lemma, a or b is a square in F , which implies
that Aξ(ax
2, bx2) is similar to a quaternion algebra and violates the exponent
4 assumption. Furthermore if F (
√
a)=F (
√
b), then there exists r˜ ∈ F , so that
a = br˜2, there exists a v-unit r ∈ F with a = Br2; hence D ∼= Aξ(ax2, by2) =
Aξ(Br
2 x2, by2) ∼ Aξ(b, b) ⊗ (b, y) ⊗ (rx, b) ∼ Aξ(b,−1)⊗ (b, y) ⊗ (rx, b) which
is exponent 2, therefore [F (
√
a,
√
b) : F ] = 4. Next note that
√
a,
√
b ∈ D since
a = i2x−1
2
and b = j2y−1
2
. Then F (
√
a,
√
b) = D because F (
√
a,
√
b) ⊆ D
and [D : F ] = [F (
√
a,
√
b) : F ] = 4. Therefore D ∼= F (
√
5,
√
13) ∼= F (
√
a,
√
b).
But as θD = θN by JW, Prop. 5.15(a), it follows that F (
√
5) = F(θN (〈(0, 12 ) +
Z × Z〉)) = F(θD(〈(0, 12 ) + Z × Z〉)) =F (
√
b). Therefore, F (
√
5)=F (
√
b), and
similarly F (
√
13)=F (
√
a). Hence, there exists α˜, β˜ ∈ F so that a = 13α˜2 and
b = 5β˜
2
, and by Hensel’s Lemma there exists v-units α, β ∈ F so that a = 13α2
and b = 5β2. The symbols manipulation yields
D ∼= Aξ(ax2, by2) = Aξ(13α2x2, 5β2y2)
∼ Aξ(13, 5)⊗ Aξ(13, β2)⊗Aξ(13, x2)⊗Aξ(α2, 5)⊗Aξ(x2, 5)
∼ Aξ(13, 5)⊗ (5, α)⊗ (13, β)⊗ (5, x)⊗ (13, y)
∼ Aξ(13, 5)⊗ (5, α)⊗ (13, β)⊗N
But since D ∼ I ⊗ N , it follows that I ∼ Aξ(13, 5) ⊗ (5, α) ⊗ (13, β) and
passing to the residue(which can be justified by JW, Examples 2.4(i), Propo-
sition 2.5 and Theorem 2.8), we obtain D1 = I ∼ Aξ(13, 5) ⊗ (5, α) ⊗ (13, β)
which contradicts Corollary 2.5.
Remark 2.7. In his Ph.D thesis, F. Chang studied tame division algebras over
generalized local fields which are Henselian field with finite residue fields. He
12
was able to prove that any tame division algebra over such field is isomorphic
to a product of cyclic algebras. More details about these algebras can be found
in[Ch]. Based on that result, we were curious to know whether or not we could
generalized Proposition 2.1 to higher exponent division algebra, but as Theorem
2.6 shows, this is not the case.
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